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Welcome!
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Agenda

® Point and Vector

e Coordinate Systems

e Scalar and Vector Operations
e Matrix and Determinant

® Basics of JavaScript
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Point v.s. Vector

® A point encodes a specific location

o An exact information
o A reference is needed

o In the Cartesian coordinate system, the reference point is the origin

® A vector encodes direction and magnitude

o Given a reference point, a vector can look like a point, e.g. v = (xl, T2, xg)T c R’
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Task 1

e "The lecture was held at 10 a.m. yesterday" = Point
o Reference point: today
O Location: 10 a.m.
® "The exam lasts 90 minutes" = Vector
o Direction: time lapse
o Magnitude: 90 minutes
® "The metro station is 100 meters away to the south of the office” = Point
o Reference point: the office
O Location: 100 meters away to the south
® "The highest standing jump is 1.651 meters" = Vector
O Direction: jump up
o Magnitude: 1.651 meters
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Coordinate Systems

e left handed coordinates v.s. Right handed coordinates

o Y-axis upward (both)
® OpenGL: Right handed

O positive Z-axis points at camera

® Direct3D: Left handed

Left Handed Coordinates Right Handed Coordinates

o Z-axis on the opposite side comparing to OpenGL =>

O positive Z-axis points away from camera

e Why?

o Historical reason: personal preference, random decision
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https://web.archive.org/web/20161101112002/http://www.alexstjohn.com/WP/2013/07/22/the-evolution-of-direct3d/

Task 2: b) Left or right?

® Xx-axis pointstot
® V-axis pointstot
® z-axis pointstot

= Left-handed

OpenGL is right-handed

ne east
ne south

ne top

"each axis lies in the same line with respect to the corresponding axis"

= no guarantees o
Three possibilities:

n directions!

1. if the direction of x- and z-axis remains: (x,y,z) = (x,-y,z) = P=(3, -4, 5)

2. if the direction of x- and y-axis remains: (x,y,z) = (x,y,-z) = P =(3, 4, -5)
3. if the direction of y- and z-axis remains: (x,y,z) = (-x,y,z) = P =(-3, 4, 5)
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Task 2: c) Spherical coordinates

r cos 6

P = (r,0,¢)

rsin 0 sin @

— (rsinfcos ¢, rsinfsin @, 7cos)  1ginpcos s

Q: Do you need consider the left or right handed
coordinates here? X
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Linear Space: Vector Operation, Span

Scalar-Vector
Vector Sum
Product Span

V9 /
n / AV
2Vl €24 ej ----------------------
| Vol

3
span{e;, ez, e3} = Z Aiei, \; € |0, Al

1=1
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Vector: Norm

If @1 and ez are basis vectors V

Sh|

VIl = [[Arer + Aoesl| = /A2 + A3

Essence of coordinates

If e: and e: are basis vectors, then the coordinates of v = ()\1, )\Q)T
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Vector: Angle and Dot Product

"similar"

\o—

"different”

VI'VQ

“similarity” = cosf =
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Task 3

a) avi +bva +ev3 =1x%x(2,1,2)" +2x(1,1,3)" —3x(1,2,-2)"
=(2,1,2)" +(2,2,6)" —(3,6,-6)' =(1,-3,14)"

b) ||vi|| = /22 +12 + 22 = 3

Vol = V12 + 12 + 32 = /11

va|| = /12 +22 4 (-2)2 =3

‘) Z(v1,Vg) = arccos ((2’ L,2)- (L1, S)T) = arccos (3\/ﬁ)

3v11 11
4( )_ (17173)°(1727_2)T . _\/ﬁ o \/ﬁ
V2, V3) = arccos Wil — arccos =1 | T T—arccos ETH
1,2,-2)-(2,1,2)"
/(v3, V1) = arccos <( - 3)><(3, 2) ) = arccos 0 = g + 2mn,n € N
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Vector: Cross Product

For 3D vectors, by definition:

azbg — a3b2
axb= a3b1 — a1b3
a1b2 — azbl

$axb

“right-handed”
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What's the meaning of this definition?!?

If e is a unit vector orthogonal w.r.t a and b:

a x b = e||al|||b]|sin 8

b|| sin 6

b & .
! 1all||b]| sin 6
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Task 3
g vixve=(1,-4,1)"
—vi X vy =(—1,4,—-1)"

e) vy X (VQ + Vg) = (—5, 2,4)T
Vi X Vo +V1] X Vg =V X (V2 —I—V3) — (—5,2,4)T

Vo X V1

f) Do we really need calculate?? cross product results in an orthogonal vector

Vi1 X V] = Vg9 X Vg =V3 X Vg = 0 (zero vector, not scalar)

g) Do we really need calculate?? cross product results in an orthogonal vector

V;l_ ‘ (Vl X V2) — V;_ . (Vl X V2) — O (scalar zero, not vector)
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Task 3 h) Jacobi Identity

Lemma: Lagrange'’s identity vi X (Vg X V3)

(Vi - v3)va — (V] - Va)Vs
(Vg - v1)vs — (Vo - V3)Vy
T

(vg - v2)vi — (V3 - vi)Vvo

(won't prove here) Vo X (V3 % Vl)

V3 X (V1 X Vz)

Vi X (Vg X V3)—|—V2 X (V3 X V1)-|—V3 X (Vl X V2)
= (v{ -v3)va—(v{ -V2)v3+(Vy -v1)Vs— (Vg -V3)Vi+ (V3 V2)vi— (V4 -V1)Va

— () (zero vector, not scalar)

So your final result should be a 0 vector.
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Cube Span

Span (again)

A space of all possible linearly combined basis vectors.

Orthonormal basis: basis vectors being orthogonal to one another.

Task 4 a) b) and c) 62124: ____________________

3-dimensional space span{vi,va, v3} = R°

OO =
O = O
—_— O O

1=1

3
) span{e;, ey, ez} = Z Ai€i, Aj € [0, A]

orthonormal basis: unit vectors (e1,ez2,e3) = (

) x,y € R}

S ' ={vlv=_2z+y,z+vy,2z + 3y
Note that S'is (isomorphic to) a 2D space, because vi 4+ vo is a linear combination of V1,V2

Therefore span{vy,vo, vy + Vo } = R? is also acceptable and preferred (ol for this course)

orthonormal basis for IR? 1 O
(e17 e2) — O 1

LMU Munich CG1 SS20 | mimuc.de/cgl 20



Matrix

Addition, subtraction, scalar multiplication are element-wise computed.

Matrix multiplication is more interesting to us:

p
Matrix Cpxn = Apxp - Bpxn Where ¢; ; = Zai,kbk,j, 1<1<m,1<73<n
k=1

Computation process is labor extensive, and boring.

= code it!

What if Apxp, - Bpyxn Where p; # pg ??
Undefined.
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Task 4

d) If we treat v1T as a 1x3 matrix multiplied by v, as a 3x1 matrix, the result is a 1x1 matrix:
vy -vi=(9)
Q: Hold on, 1x1 matrix? Shouldn’t the result be a scalar?
A: No! You can multiply a scalar with an arbitrary matrix, but you cannot multiply a 1x1
matrix with an arbitrary matrix.
Q: What are you talking about? You said the dot product results in a scalar.
A: Clarification: we are running into a notation issue here.
Mathematically speaking, the dot product is different from matrix multiplication.

We are in a matrix multiplication context now. To address these notation conflicts, we

can use another notion to represent the dot product: < Vi1,Vgy >
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Task 4

d) If we treat v_ as a 3x1 matrix multiplied by V1T as a 1x3 matrix, the result is a 3x1 matrix:

2 4 2 4
vievi =(1](2 1 2)=(2 1 2
2 4 2 4

e) Because the matrix multiplication 3x1 by 3x1 is undefined.
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Determinant

For the determinant of a 2 X 2 matrix B is computed by:

det(B) =

And the determinant of 3 X 3 matrix C is computed by:

—— e~ T = e o~
det(C) = fC21: [Co21 1 Co3ll =
| |
C31 ! C32! | C33)

- - —*——————I
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Vector: Cross Product (Revisited)

a2b3 — a3b2
axb = a3b1 — a1b3
a1b2 — a2b1
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) = (az2bs—azbs) (

a3

e N
bs|
€y €3
as ds
ba b3

1 0 0
0 —|—(a3b1—a1b3) 1 -|—(CL1b2—CL2b1) 0
0 0 1

aq

b1

as

b3

€y +

mnemonic!

aq

b1

a9

b2

€3
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Vector: Cross Product (Revisited)

C

c' -(axb)=(c -e)lall||b||sing = ||c|| cos ¢||al[||b||sin®

-

. (a X b) — (Cl,CQ,Cg)
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axb

—I— .

height
r—%

bottom surface

A

C1 C2
ai; a
b1 bo

determinant is a volume!
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Task 4
f) -9

g) Parallelepiped of V1, Vg, A1 V1 + AaVg ? They are on the same plane, no volume!
Therefore det(V) =0

h) linear independent: det(V') # 0 = geometric meaning: parallelepiped.

linear dependent: det(V) = 0 = geometric meaning: 2D plane

i) All equal to the volume of the parallelepiped

v (Vo X Vv3) =V, - (V3 X V1) =V - (V1 X Va)
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More Determinants

Lemmas (won't prove here):
1. det(V) =det(V") axb

2. If we swap two rows (columns), the determinant will change

Its sign.
€1 €2 €3 Ci C2 C3
T T
c -(axb)=(c,co,c3) -|lar a2 az|=|a1 a2 as
by b2 b3 b1 by b3

C1 Q1 bl a, C bl a1 bl C1
— [C2 Q9 b2 = — |12 C(C9 b2 = (A9 bz Co| = det(a, b, C)
C3 da4s b3 as C3 b3 as b3 C3

det(a,b,c)=a' - (bxc)=b'.-(cxa)=c' (axb)
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Task 4

j) (kinda) recursively defined. Watch the sign.

C21 C22 C23| — C11
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— C11

— C11C22 — C21C12

C23 1
C33

C22 C23
C32 C33
Cq42 C43

C21 C23
C31 (33
C24
Sy
Cq4
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Basic Concepts in JavaScript

® constant: immutable data const ¢ = 3.14

e variable: mutable data tet v = o

® function: a code block maps a list of parameters to a list of return values

function F(pl, p2, p3) { .. } (normal function)
const F = (pl, p2, p3) => { .. } (arrow function)

Q: What are the differences?
e flow control: 1f/else/switch/for statements (in almost every-language)

® class: a special "function" with constructor () auto-executed when new C()

class Matrix { const m = new Matrix(1l, 2,
constructor(m, n, ...xs) { 1, 2,
this.m = m )
this.n = n m.f()

this.xs = [...xs]

}
f() { .1}

}
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Data Types in JavaScript

® number: 3.1415
® string: "hello world!™
® grray: [1, 2, 3, 4]

® ObjECtI {course: "MIMUC/CG1", year: 2020, difficulty:

Error Handling in JavaScript

try {

throw "throw an error!"

} catch(err) {

console.log(err) // prints throwed value: "throw an error"
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"very difficult"}
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NodelS

e Whatisit?
o JavaScript is a language (standard), and Node.js is an implementation of it.

e Why do we want it?

o Browser independent JS execution runtime

o Better engineering, e.g. dependency management

Node Package Manager Emm

e "Standing on the shoulders of giants" -- Isaac Newton

® Manage declared dependencies in package. json, and save dependencies in
node_modu les. Basic usage:

S npm init create package.json
S npm i <pkg_name> install package <pkg name>, e.g. three.js
S npm 1 -D <pkg_name> install dev package <pkg_name>, e.g. webpack
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Task 5: Vector3

class Vector3 {

constructor(x1, x2, x3) { .. }

sum(w) A

this.x1 += w.x1 dot(w) {

this.x2 += w.Xx2 return this.x1 * w.x1 + this.x2 * w.x2

+ this.x3 * w.x3

}
norm() { return Math.sqrt(this.dot(this)) }

this.x3 += w.x3

return this

}

multiply(scalar) { cross(w) {

this.x1 *= scalar const x = this.x2*w.x3 - this.x3*w.x2

this.x2 *= scalar const y = this.x3*w.x1 - this.xl*w.x3

this.x3 *= scalar const z = this.x1l*xw.x2 - this.x2*w.x1

return new Vector3(x, y, z)

}
angle(w) {

return this

return Math.acos(this.dot(w) / (this.norm()*w.norm()))
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Task 5: Matrix.multiply

multiply(mat) {
let C = new Matrix(this.m, mat.n, new Array(this.mxmat.n));
for (let 1 = 0; 1 < this.m; 1++) {
for (let j = 03 j < mat.n; j++) {
let total = 0;
for (let k = 0; k < this.n; k++) {

p
total += this.xs[i*this.n+k]*mat.xs[kxmat.n+j]; C’i,j — E thisi,kmatk,j

}
C.xs[1*mat.n+j] = total; k=1
}
¥
return C

Q: What is the time complexity of this implementation?
= Optimizing matrix multiplication is a hot research topic!
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Task 5: Matrix.det

det() {
if (this.m === 2) {
return this.xs[0]*this.xs[3] - this.xs[1]*xthis.xs[2]
}
// this.m === 3

return this.xs[0] * (new Matrix(2, 2,
this.xs[4], this.xs[5],
this.xs[7], this.xs[8])) .det()

- this.xs[1] * (new Matrix(2, 2,
this.xs[3], this.xs[5],

this.xs[6], this.xs[8])).det() <
+ this.xs[2] * (new Matrix(2, 2,

this.xs[3], this.xs[4],

this.xs[6], this.xs[7])).det()

det(ngg) = C11
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Take Away

e Figure out the geometric meaning behind a formula
e Be thoughtful about your answers, think and write all possibilities
® Programming is important for this course, and you won’t be able to follow along if you

refuse to code
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Thanks!
What are your questions?
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